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A Note on the 2-Part of K2(oF) 
for Totally Real Number Fields F 
KARL F. HETTLING 
I. 1 NTRODUCTION 
Let F be a totally real number field, o its ring of integers. The Birch-Tate 
conjecture states that 
#K,(o)= Irr2(F).i&l)I. 
Here i,.- denotes the Dedekind zeta-function of F and 
ulz(F) := max{m: Gal(F(p,,,)/F)‘= 1 f, 
where p,,, := eZnr “I. Equivalently, NS~( F) = 2 n PC”‘); the product is taken 
over all prime numbers 1, and n,(F) := max{ n 3 0: E,, G F}, with E,, being 
the maxima1 totally real subfield of the full cyclotomic field O(n,,,). The 
work of Mazur and Wiles on the “Main conjecture” confirms the odd part 
of the BirchhTate conjecture if F is abelian. The 2-part has been established 
for certain families of abelian number fields, see [3, 4, 5, 6, 73. We give a 
proof for all totally real-&not necessarily abelian--number fields having the 
property that 2rl- Q1 is the exact 2-power dividing ,v,(F) cp( - 1) or the 
order of Kz(oP), respectively. It is based on results given in [l] and [2]. 
2. NOTATIONS AND PRELIMINARIES 
This list is derived from [I 11 and [2]. In case of ambiguity the notation 
of [2] was preferred. For an arbitrary number field F let us denote by 
0 fi the ring of integers of F, 
r,(F) the number of real places of F, 
r,(F) the number of pairs of conjugate complex places of F, 
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g,(F) the number of dyadic places of F, 
S= S(F) the set of infinite and dyadic places of F, 
C”(F) the S-ideal class group of F, 
h”(F) the S-class number of F, i.e., the order of C’(F), 
ly = (,I’ I the group of S-units of F. 
For a relative quadratic extension E/F, we fix the following notation. 
C’, 
d, , Liz, d, 
I?? 
the Galois group of F over E, 
the number of dyadic primes of F that ramify, are inert, 
split in E/F, respectively, 
the number of real places of F that ramify in E/F, 
the number of places of F outside S that ramify in E/F, 
the order of the cokernel of the norm map N: U:.- U;, 
the order of the kernel of the map g: C”(F) + C’(E), 
the 2-part of h”(F), 
the index of (U:)’ in U:, 
the order of the kernel of the norm map N: C”(E) + C”(F), 
the number of roots of unity in E, 
w/2. 
We state the key results that we need from [l] and [2]. 
PROPOSITION I. [ 1. Proposition 91. Let F he u totally reul number 
,ficld. 
(i) !f’ .sotm~ prime of F lying ouer 2 splits in E = F(G), then 
(,( ~ 1)/2” ’ ( ’ is 2-integral. 
(ii ) Suppo.~~ no prime of F lying over 2 splits in E and let 
q=h,\/2' Cl + ( '. Then q is cm integer und the 2;fkctionul part of 
cF,,s( ~ l)/2”” ’ is the SUMP us thut of’ q/w,,, in other \l.ord,s, 
H'() <,,\-( ~ 1 )/2" ' ( 3 is 2-integrul und is congruent to q rnodulo the highest 
powrr of‘ 2 dividing H’,, 
PROPOSITION 2 [2, Theorem 4.1, Corollary 4.61. Let F hc un urhitrurj 
mmlwr ,fkld. The ,fbllo~~~ing conditions ure equiralent. 
(i ) F udnlits un extension E/F b{,ith # Kz( oJ odd, 
(ii) gz( F) = I, h.‘(F) is odd, und F contains S-units ,tYth indepmdent 
signs, 
(iii) # K,(o,..,\ q,) i.s odd, 
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(iv) rkZ(K2(o,~))=r,(F) and the 2-Sylow-subgroup of K2(o,.) is 
elementary abelian, 
(v) #2-Sylow K,(o,..) = 2”‘/“. 
We will also make repeated use of Tate’s 2-rank formula, see [S]. 
PROPOSITION 3. For arty’ number ,field F, 
rk,(K,(o,)) = r,(F) + g,(F) - 1 + rk,(C’(F)). 
3. THE THEOREM AND ITS CONSEQUENCES 
THEOREM 4. For any totally real number ,fi:eld F, 
2r”r’Il # K,(o,) if and only if 2’1”“‘11 wZ(F) [r( - 1 ), 
Before we give the proof, we state some corollaries. 
COROLLARV 5. The BirchTate conjecture holds ,for every totally real 
abelian number ,f’ield F with 2”‘“‘(1 M’J F) [,( - 1 ). 1 
This can be used to establish the BirchhTate conjecture for certain 
totally real abelian number fields F by computing the 2-part of 
M’*(F) [,..( - 1) via the values of the L-series using the well known equalities 
L( - 1,x) = - $B,,, and Bz,l = ( l/ff,) C$=, x(r) t2. As an example we men- 
tion the totally real subfields Fk of the cyclotomic fields E, = Q([,A), see 
[3]. We obtain that 2”“i’ 11 I+‘~( Fk) [,+( - 1 ), hence, by Corollary 5, the 
BirchhTate conjecture holds for the fields Fk. With [S, Theorem B] it 
follows that these fields possess systems of fundamental units with indepen- 
dent signs and that the class numbers of the fields Ek are odd. 
COROLLARY 6. Let F be a totally real number field for which one (and 
hence both) of the equivalent conditions qf Theorem 4 holds. Then the same is 
true ,for every subfield K of F. 
Proof By Proposition 2(i), F is a subfield of some number field E with 
# KZ(oE) odd. Since Kc F, (i) holds for K as well. Condition (iv) of 
the same proposition tells us that 2”‘K’l/w,(K) [,( - 1). Done with 
Theorem 4. 1 
This means that the conditions of Proposition 2 and Theorem 4 are 
hereditary. We now give the 
Proof qf Theorem 4. * Assume 2’1”‘11 # K,(o,:). Let E = F(G). The 
2-rank formula for F yields gz(F) = 1 and h.‘(F) odd. By Proposition 2(iii) 
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we have # K,(o,) odd, hence, using the 2-rank formula for E, gz( E) = 1, 
and h”(E) is odd. We conclude that also hs is odd. Next we compute the 
constants a, c, and e. Since the group @(C,, Ug) = f.$/N( Us) is an elemen- 
tary abelian 2-group, a = rk 1 @( Cz, U-2.). Now consider the exact sequence 
H”(C,, C”(E)) - @(C,, Vi.)& R(E/F)- H’(C?, C”(E)), 
see [2, Proposition 2.11 and the remark after the proof of Proposition 2.2. 
Since h”(E) is odd, i is an isomorphism. By [2, Proposition 2.21, 
rk,R(E/F)=m+r+d,+d,-l.Inoursetting,m=r,(F),t=O,d,+d,=l, 
hence a = rk, R( E/F) = r,(F). Since hs( F) is odd, c = 0. e is the 2-rank of 
u;/( Lq’, which is given by Dirichlet’s S-unit theorem, namely e = 
r,(F) + r2( F) + g2( F) = r,(F) + 1 since F is totally real and we have already 
seen that g,(F) = 1. Since g2(F) = g,(E) = 1, 2 does not split in E/F and we 
can apply Proposition l(ii). We find that q=h,y/2’ “+’ ’ =lz5 is odd, 
hence w”[,;,( - 1 )/2“+ “- 3 = M’,,[,..,~~( - 1 )/2”““- ’ is 2-integral and con- 
gruent to 1 modulo 2. 
Recall the definition of M’~(F), i.p. the definition of the exponents n,(F): 
n,(F)=max{n30: Q([,n)+ c F); 
hence, in view of E = F(G), 
n,(F)=max{n>O: Q(<,tz)~Ef. 
Therefore (w~(F))~ = 2(~)~ = 4(~,,),. Furthermore, [,,( - 1) = iF( - 1) 
JJ,,2 (1 - Np), where the product is taken over the dyadic primes of F, and 
Np = # (oJp), hence [,:,( - 1) = [,( - 1 )( 1 - 2’), where f is the inertial 
degree of the only dyadic prime of F. So we obtain that w2(F) cl;( - 1)/2’1”’ 
is 2-integal and congruent to 1 modulo 2, i.e., 2’i’F)11w~2(F) [,( - 1). 
X= Assume 2;( F)Ilw,,(F) i,..( - 1). Using Proposition 2 we have to show 
that K,(o,) has odd order. In view of the 2-rank formula for E this is 
equivalent to showing that 
(a) g,(E) = 1, 
(b) hS(E) is odd. 
For (a) use Serre’s result (see [S]) 
2rk2’K2(“9~r2(F) [,.( - 1 ) 
and the 2-rank formula for F to obtain rk,(K,(o,))=r,(F), i.e., g,(F)= 1 
and h”(F) is odd. Now we assume that the dyadic prime of F splits in E 
and obtain a contradiction using Proposition 1. As in the first part of the 
proof we have c’= 0, e = r,(F) + 1, and we conclude that <,( - 1)/2“+‘‘-’ = 
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iF( - 1 )/p) 2 is 2-integral. Since 8 divides \c,(F) it follows that 
WI(F) [,( - 1 )/2”“;‘+ ’ is 2-integral, contrary to the assumption. Hence 
g,(E) = g,(F) = 1. For (b) observe that As(E) is odd if and only if h,~ is 
odd, since h”(E) = h”(F). h,~ . This can be obtained as follows. By 
definition, h,; = # ker N, where N is the norm map from C’(E) to C”(F). 
Since AS(F) is odd, it follows that the map g: C’(F) --f C’(E), induced by 
inclusion, is injective, see [2, Proof of Proposition 2.2(b)]. Now N 1 g sends 
every IE C”(F) to I’; since h”(F) is odd, No g is surjective, hence so is N. 
Thus h”(E) = h”(F) . h,s . 
Now apply Proposition l(ii). By considerations that we have made in the 
first part of the proof we obtain that we have made in the first part of the 
proof we obtain that q = h,/2’-“+” ’ = h,s /2”“” n and 
By assumption, W?(F) [,..( - 1 )/2rl’F’ is 2-integral and congruent to 1 
modulo 2, hence r,(F) 3 a. By [ 1, Remark after Proposition 93, we have 
the inequality r - u + h 6 d, + 1; here h = 0 since h"(F) is odd and rl, = 0 
since gJF) = g2(E), hence e- 1 = r,(F) < LZ. Altogether we obtain that a = 
r,(F), hence h,; is odd, and this implies that h”(E) is odd. Having shown (a) 
and (b) we conclude that # K,(o,,-(> --I)) is odd, and Proposition 2 yields 
the desired result 2”“)// # K,(o,..). 1 
As mentioned above, Theorem 4 is applicable to various families of 
abelian fields. P. E. Conner has brought to my attention that there are also 
many examples of non-abelian number fields. In particular, it is possible to 
construct infinitely many non-abelian totally real fields F of degree 4 over 
Q having the property that 2r”‘as111 #Kz(o,.-). 
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